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INTRODUCTION 
We use the notion of a critical right ideal as developed by Lambek and Michler 
[9] as a generalization of prime ideals in a commutative ring. Call a right 
ideal P of the ring R critical if for every H properly containing P, 
Hom(R/H, E(r/P)) = 0 where E(R/P) is the injective hull of R/P (Gordon and 
Robson call R/P monoform). In the first section we look at T-torsion theories 
(T in the sense of Goldman [4]). Let S be a ring of quotients with respect to 
some T-torsion theory. Then there is a natural bijection between critical right 
ideals of S and closed critical right ideals of R (P closed means R/P torsion-free). 
We also prove that this torsion theory is cogenerated by a family of critical right 
ideals. A corollary of this gives a generalization of a result of Richman [12]. 
Namely, we show that if R is prime Goldie and S is a left flat, epimorphic ring 
extension of R, then S = n RP where P runs over some family of critical right 
ideals. Here R, denotes the ring of quotients with respect to the torsion theor! 
cogenerated by E(R/P). 
In the second section we look at localizations of R at prime ideals of the Center 
R = -4. In the most general case, let R be an arbitrary ring (with identity). 
Then w. dim R = sup w. dim R./l , where ;K runs through the maximal ideals 
of .-I. (w. dim R is weak or flat dimension of R.) \Ve then investigate the case 
when R either is (i) finitely generated over A (as a module) or (ii) R is Xoetherian 
and is integral over A. If R satisfies either of these conditions, then there is a 
canonical bijection between (two-sided) prime ideals of R and the equivalence 
classes of critical right ideals (PI is equivalent to P2 if E(R/P,) N E(R/P,)). 
Theorem 2.14 and Corollary 2.15 give the main results of this paper, which are 
as follows: If R satisfies either (i) or (ii), then there exists a family F of semi- 
prime ideals such that: (I) for each N E 7, localization at N is T; NR, = 
Jacobson radical of R, ; and R,/NR, is Artinian; and (2) an R module M is flat 
iff MA, is R,\- flat for all NE .F. 
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1. TORSION THEORIES AND CRITICAL IDEALS 
We assume the reader is familiar with the definition of a torsion theory ‘T over 
a ring R (see [8] or [16]). For an R module N its torsion submodule is denoted 
T,(M). For a given torsion theory a right ideal 1 contained in R is called closed 
if R/I is torsion-free and dense if R/I is torsion. $T denotes the set of dense right 
ideals of R with respect to T. Recall that a module 112 is torsion iff Vm E M, 
31 E YT such that mI = 0. We also assume the reader is familiar with the module 
of quotients of M with respect to a torsion theory T which we denote by 31, 
We record some consequences of the definition of M, for future reference. For 
f: M---f k!l, the canonical map, f (Ill) is essential in MT and n/r,/ f (M) is T torsion. 
If we also have :1I T-torsion-free then E,(M) == E,(M), = ER,(MJ. The last 
equality is true for given a map R: I+ E,(M), I a right ideal of R, , g can be 
extended to an R map R, + E,(M); but this must also be an R, map. Hence 
ER(M) is R, injective. Since il& + E,(M) is R, essential we have the equality. 
Any collection X of injective modules cogenerates a torsion theory. In parti- 
cular M is torsion iff Hom(M, E) = 0 f or all E E :Y. Given P a right ideal of R 
we associate to it the torsion theory cogenerated by E(R/P). For this torsion 
theory we write T,(M) and Ir/l, to denote the torsion submodule and module of 
quotients of M, respectively. We use the phrases P torsion, P dense, etc., in the 
obvious manner. If R is a commutative ring and P a prime ideal of R then our 
definitions of Mp agree with the usual definition. 
A right ideal I is irreducible if whenever there exist right ideals J and H such 
that Z == J n H then either I == J or I = H ( -:A- E(R/I) is indecomposable). 
We say two irreducible right ideals are related if there exist elements s $ I and 
t $ / such that s-t1 = t-lJ where s-11 = (r E R 1 sr E I]. Two irreducible right 
ideals I and J are related iff E(R/I) e E(R/J) [l]. Thus we have that relatedness 
is an equivalence relationship on the set of irreducible right ideals of R. 
DEFINITION. j1 right ideal P is called critical if for every right ideal I properly 
containing P, Hom(RjI, E(R/P)) = 0. 
LEMMA 1.1. For P a right ideal qf the ring R the follozcing are equi~~alent: 
(I) P is critical. 
(2) There exists a torsion theorv 7 such that RIP is not T torsion, but for an? 
right ideal I proper& containing P, R/I is T torsion. 
(3) P is irreducible and a maximal element in ifs equivalence class of related 
irreducible right ideals. 
(4) There exists an indecomposable injective module Z, such that P is maximal 
among annihilators sf nonzero elements of E. 
For a proof of this see [9, Lemma 2.6, Proposition 2.71. 
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EXAMPLE. It is easy to see that maximal right ideals are critical. If R has no 
zero divisors, then 0 is critical 0 R is right Ore. 
If R is a commutative ring, then we immediately see that all critical ideals are 
prime, and conversely if P is a prime ideal of R, then s-‘P = P for all s $ P. 
Hence P is critical by Lemma 1.1. 
For a critical right ideal P of a ring R, let : P / denote the equivalence class of 
criticals related to P. Again note that if R is commutative each equivalence class 
has precisely one element. 1Ye denote the collection of equivalence classes of 
critical right ideals of R by rt. Spec R. 
There is a partial ordering on the set of torsion theories over a fixed ring. 
Given T-, y-torsion theories over R we say 7 < y if :‘lI 7 torsion =-- JI y torsion 
(this is equivalent to E y-torsion-free =- E T-torsion-free). Given two critical 
right ideals P and Q with associated torsion theories 7 and y, respectively, we 
write 1 P 1 < j Q 1 if T < y. Note that this happens iff every irreducible right ideal 
related to Q is contained in some irreducible right ideal related to P. Thus, if R 
is commutative P and Q prime ideals then 1 P ! < / Q 1 iff Q C P. 
LEMMA I .2. Let T be a torsion theory and 0 - A - B -+ C + 0 an exact 
sequence of R modules, such that CT 7~ 0; then B,/--1., is a nonzero submodule of C, . 
Proof. By factoring out torsion submodules, we can assume that A, B, and 
C are T-torsion-free. 
Iff: B, -+ C, is the induced map, then f (B,) contains the image of C in C, . 
Hence C,/f (BT) is 7 torsion. Since C, # 0 and is torsion-free, we have 
f (BT) + 0. The left exactness of localization shows that B,/-4, N f (BT) + 0. 
PROPOSITION I .3. Let R be a ring, 7 a torsion theory. Let P be a T closed critical 
right ideal of R. Then P, is a critical right ideal of R, . 
Proof. By Lemma 1.2 R,/P, is a nonzero submodule of (R/P)r . Since 
R/P is T-torsion-free, we have, as previously noted, E,(R/P) == ERT((R/P),). But 
E&R/P) is indecomposable as an R module, hence also as an R, module. Thus 
ER~(WP,) = -&(W’). 
Let H be a right ideal of R, properly containing P, such that H is the anni- 
hilator of some e E E,(R/P). Let f : R -+ R, be the canonical map. Then since 
f(P) . RT C P, , we have that f -l(H) contains P. Since f -l(H) is the annihilator 
of e E E,(R,‘P) in R, if we can showf-‘(Hi) # P we would have a contradiction. 
We have the following commutative diagram: 
0-+H p----f R, ----, R,,IH - 0 
t 
Ii 
t 
0 +-f-‘(H) - R - R7if-l(H) - 0 
i 
0 
20 
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0 - H, - R, - 
t 
I! 
il 
0 -/,i& - R, - ---f 
. WHL 
t 
R,‘-‘(H), 
t 
0 
By the Five Lemma, g is one to one and onto, hencef-l(H), = H, . Since H, 
properly contains P, we have f-1(H)r 3 P, , hence f-l(H) # P, contradicting 
the fact that P is maximal in its equivalence class of related ideals. So we are 
done. 
Given a torsion theory 7, Goldman [4] calls it a T-torsion theorv if ill, 31 
AZ @a R, for all R modules M. In that case the canonical ring mapf: R -R, 
makes R7 a left flat R module with f an epimorphism in the category of rings. 
Note that (u: R -+ S is an epimorphism if and only if S @a S N S via the map 
s @ s’ - ss’ [15, Proposition 1. I]. This actually characterizes T-torsion theories, 
i.e., if CY: R 4 S is a left flat epimorphism then S E R, , where M is T torsion iff 
AT @ S = 0 [15, Theorem 13.101. 
Iff: R + R, is a left flat epimorphism then it is not difficult to show that if Q 
is a right ideal of R, and J = f-‘(Q) then J @ R, *f(J) R, = Q. This implies 
that HP / -f(H) R,$Q. Th’- lb IS important in Proposition 1.4. 
In a commutative ring R, given a multiplicative set S, there is a bijection 
between prime ideals of S-lR and prime ideals P C R such that P n S = ,z. 
We would like the analogous result to hold for a torsion theory T over an arbitrary 
. . 
rmg, I.e., a bijection between critical right ideals of R, and critical right ideals 
P C R such that P is T closed. The next proposition shows that this is true for a 
T-torsion theory 7. 
PROPOSITION 1.4. Let 7 be a T-torsion theory, let f: R --f R, be the canonical 
map. Then there exists a bijection between critical right ideals of R, and 7 closed 
critical right ideals of R given by P + f (P) R, and Q 4 f-‘(Q). 
Proof. We first show that if Q is a critical right ideal of R, , thenf-r(Q) is a T 
closed critical right ideal of R. Since R,/Q is T-torsion-free [4, Theorem 4.31 and 
R/f -l(Q) C R,/Q, we have that f -l(Q) is 7 closed. 
Since 7 is a T-torsion theory it is not difficult to show there is a torsion theory ‘J 
over the ring R such that a module M is y torsion iff Ail @J R, is Q torsion. There- 
fore, to showf -i(Q) is critical it suffices to show that R/J-‘(Q) is not y torsion but 
for all right ideals H of R properly containing f-‘(Q), H is y dense. Since 
R,‘f-l(Q) 18 R, cu R,/Q, we have R/f-l(Q) is not 7 torsion. If f-‘(Q) $ H 
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then by our previous observation Q gf(H) R, ; therefore R/H @ R, N 
R,/f(H) R, is Q torsion (since Q is critical). 
If P is a 7 closed critical right ideal we know by Proposition 1.3 that P, = 
f(P) R, is critical in R. By the above paragraph we know thatf-r(P,) is a T closed 
critical ideal and contains P; if we can show that it is related to P then by Lemma 
1.1 f-l(Pr) = P. Hence the assignments P -f(P) R, and Q +f-l(Q) would 
be left and right inverses of each other. Since R/f-I(P,) is T-torsion-free we have 
E,(R/f-l(P,)) = E,7[(R/f-1(P,)),]. Similarly, E,(R,/P) N E,r(R,/P,). Since 
we also have (R/f-1(P7))7 N RJP, ( T is a T-torsion theory), we then obtain 
E,(R/f-l(P,)) N E,(R/P), so we are done. 
Remark. It is not difficult to see that the assignment Q +f-l(Q) is an order 
monomorphism on the equivalence classes of critical right ideals, i.e., given 
critical right ideals Q and Q’ of R, , then / Q / < / Q’ 1 if and only if I f-i(Q)! < 
/ f-l(Q’)l with equality for one if and only if equality for the other. 
While we know a left flat epimorphic ring extension is a localization, the next 
result shows that it is a localization at a particular family of critical right ideals. 
THEOREM 1.5. Let CX: R - S be a left jlat epimorphic ring extension. Let 
{A%‘~} be the maximal right ideals of S, then Pi = c~(J%%~) are critical right ideals 
for all i and S N R, where 7 is cogenerated by (E(R,/P,)l. 
Proof. We already know that S 11 R, , where III is T torsion iff :14 @ S = 0. 
By Proposition 1.4 we know Pi = a-l(yd’i) is a critical right ideal of R for each 
i. Let y be the torsion theory cogenerated by the family of ideals (PJ. Then it 
suffices to show dl is T-torsion-free iff it is y-torsion-free for an arbitrary- 
module M. 
By [15, Corollary 1.81, E,(S/A’,) . is an indecomposable injective R module. 
Since RIPi C S/J?‘~, we have E,(R/P,) = E,(S/Ai) for each i. Since we also 
know E,(S/A’J OR S N Es(S/A’J, we then have that E,(R/P,) is T-torsion- 
free for each i. Therefore, every y-torsion-free module is T-torsion-free. 
To obtain the apposite inclusion we need to show that given III r-torsion-free, 
M can be embedded in some power of n E(R/P,). By the previous paragraph, 
n E(R/P,) is an injective cogenerator for Mod S. Therefore, if M is a T-torsion- 
free module, M embeds in the S module M faR S, which in turn embeds in 
some power of n E(R/P,). Hence we are done. 
COROLLARY 1.6. Every T-torsion theory over a ring R is cogenerated by a 
family of injectives of the form E(RIP) u lh ere P is a critical right ideal of R. 
Proof. For T a T-torsion theory R - R, is a left flat epimorphism. 
Richman [12] proved that if R is a commutative domain and S is a flat overring 
of R (i.e., S is contained between R and the quotient field of R) then 
s = npE9 RP where Sz is some family of prime ideals of R. Keeping in mind the 
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fact that for a domain R, the flat overrings of R are precisely the flat epimorphic 
extensions, and T,(R) = 0 for all T a nontrivial torsion theory, we get a generali- 
zation of Richman’s results as a corollary to Theorem 1.5. By a nontrivial torsion 
theory r, we mean one such that not every AT E Mod R is T torsion. 
\Ve first observe that if X is a family of injective modules and r the associated 
torsion theory, then AT is 7 torsion if and only if &’ is torsion for every injective 
E E S, in particular YT = nEEX r 9 . This fact is used later without further 
comment. 
CCROLLARY 1.7. Let R be a ring such that T,(R) = 0 for all 7 a nontrivial 
torsion theory. Let R - S be a leftfIat epimorphic ring extension, then S = nPER R, 
where Q is some family of critical right ideals of R. 
Proof. The notation n R, makes sense, since any localization of R is con- 
tained between R and E(R). By Theorem 1.5, S = R, where 7 is cogenerated by a 
family X of injective R modules of the form E(R/P), P a critical right ideal. Let 
n : E(R) -+ E(R)/R be the canonical projection, then for s E E(R): s E R, -:2- 
31 E $ such that n(s) I = 0 o n(s) is E torsion for all E E X -c=- s E n EE . 
Hence R, = nEEx R, , so by a suitable change in notation we have 
R, = ha RP . 
Some noncommutative examples of a ring R such that T,(R) = 0 for all 
nontrivial torsion theories 7 are simple rings and prime Goldie rings [17, Proposi- 
tion 1.131. 
2. CENTRAL LOCALIZATIONS 
In this section we investigate localizations of R induced by prime ideals of the 
center of R. First without any restrictions, then when R satisfies certain finiteness 
conditions over A. For the remainder of this paper A denotes a subring of the 
center of R. 
For p E Spec A, one can localize the .-1 module R at p and obtain R, ‘U 
R BA A, a ring extension of R (the map is given by r + (r/l)) which contains 
A, in its center. 
LEMMA 2.1. Let R be a ring, p E Spec A; then the map R -+ R, is a fiat (on 
both sides) epimorphism. 
Proof. We know R, N R @A -dn ‘v A, CZJA R as R rings. Then we have 
R, @jR R, ‘v (A, @)A R) @jR (R aA A,) N A, Cj& R @A A, N R @)A A, @JA 
A, N R, . Hence the map R + R, is an epimorphism. The flatness of R, over R 
is proved as in the commutative case. 
K:e note that for R, ‘4, and p as above there exists a right T-torsion theory T 
such that R, N Ri . 
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Given modules M and N over the commutative ring A, it is well known that: 
M = 0 o MVIy = 0 for all ,J? a maximal ideal of A, N --+ M is a monomorphism 
(epimorphism) o NJ -+ MJ is a monomorphism (epimorphism) for all A! a 
maximal ideal of A, and M is A flat c Ma, is A.,, flat for all .I a maximal ideal 
ofA. 
For M and N right and left R modules, respectively, then M OR N is an A 
module. It is not difficult to show that (M @a N), NM, @a-ND as A, modules. 
Using this fact and the facts we already know about commutative localization 
one can obtain the following: 
PROPOSITION 2.2. Given the rings R and --1 a right R module M is jut iff 
JI, is R,flatfor allp a maximal ideal of A. 
Remark. It is also not difficult to show that this family of localizations is a 
test for an R module to be zero and an R map to be injective (surjective). 
For a commutative ring ,4 and forp E Spec A, it is known that Tor,A(M, N),N 
TorA,P(MP , NJ where M, N are A modules. Using the same methods one can 
obtain the following result. 
LEMMA 2.3. TornR(M, N) N Tor~~(.VD , ND> as .3 modules for all M and 
N right and left R modules, andfor all p E Spec -4. 
We denote the weak (or flat) dimension of a ring R by w.dim R, and the collec- 
tion of maximal ideals of Zz by max Spec A. 
COROLLARY 2.4. w.dim R = sup w.dim R-/t, ,JI E max Spec A. 
Proof. We know w.dim R = inf{n 1 TorTIR(M, N) = 0 V M, N right and left 
R modules} and Tor,ZR(lZZ, N) = 0 * Tor,R(J1, hi)./, = 0 V A’ E max Spec 9. 
Hence by Lemma 2.3 we are done. 
This generalizes the result of [18], Theorem 31 in which it was proved that R 
is (von Neumann) regular iff R./f is regular for every J&Y E max Spec A. 
In general even if A is not local it is possible for the localization of R to 
collapse, i.e., R = R, . However we show that in at least one situation, namely, 
R integral over 8, localizing atp does not collapse unlessp is the unique maximal 
ideal of A. 
DEFINITION. R is said to be integral over A, if each element b E R satisfies 
an integral equation: 
bn + an-$+-l + 1.. + a, = 0 with aiEA. 
We note that if R is integral over A, and p E Spec A, then R, is integral over 
A, . Similarly, given N a two-sided ideal of R, R/N is integral over A/N A A. 
We define max rt. Spec R = {I P i E rt. Spec R ) 1 P J = 1 A! I, A! a maximal 
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right ideal of R}. We call elements of max rt. Spec R maximal points of rt. Spec R. 
Also let spec R = (9 / 9 a (two-sided) prime ideal of R). There is a map 4: 
rt. Spec R + Spec A given by 4(P) = P n A; for a proof that this map is well 
defined see [14, Proposition 3.51. Similarly, there is also a map #: spec 
R + Spec A. Hoechsman [7] proved a generalization of a well-known result for 
commutative rings; i.e., if R is integral over A then 4 is a surjection and 4 
induces a surjection of max rt. Spec R onto max Spec A. To see that 4 itself is 
onto let p E Spec -4. Now there exists a maximal right ideal ,X of R, that restricts 
to the maximal ideal p-4, . Lettingf: R -+ RD be the canonical map we have by 
Proposition 1.4 that .f-I(&) is a critical right ideal of R. It is apparent that 
f-l(A) n A = p. 
d prime ideal p of rZ gives rise to a T-torsion theory over R. Let f: R - R, 
be the canonical map. By Theorem 1.5 we see that this torsion theory is induced 
by the family of right ideals {f-‘(M)/ ,& a maximal right ideal of R,} (by induced 
we mean cogenerated by the injective hulls of the quotient modules). As already 
notedf-r(d) n r-l = p. Thus the torsion theory is induced by a subset of d-r(p). 
So we see that R f- R, if p is not the unique maximal ideal of il. 
Heincke [6] makes the observation that if R is a semiprime right Goldie ring 
which is integral over a field contained in its center then R is its own classical 
ring of quotients. He then goes on to prove the following result. 
THEOREM 2.5. If R is integral over -4 and every prime .factor ring is Go/die, 
then : 
(a) If B is a prime ideal of R, then B is maximal if and only if3 n A is 
maximal. 
(b) B _C Q are prime ideals of R then 3 n -4 = Q n A S- 9 = Q (INC). 
There are two particular cases of integral ring extensions which satisfy the 
hypothesis of the above result. One is when R is right Noetherian, in which case 
it is well known that every prime factor ring is Goldie. The other is when R is 
finitely generated (as a module) over A, in which case the next proposition shows 
that it satisfies the hypothesis of Heincke’s theorem. 
PROPOSITION 2.6. Let R be finitely generated over A and N = niel Bi where 
pi is a prime ideal of R Vi E I, such that pi n A = Yi n A = p Vi, j E I, and p 
a prime ideal of A. Then the semiprime ring R/N has a semisimple classical ring of 
quotients (two-sided). 
Proof. We can assume R is semiprime and finitely generated over a domain 
A with {9i}iel a family of prime ideals of R such that fiiE,Yi = 0 and .Yi n A = 0 
for all i. 
We first localize at the zero ideal of A. The map R + R,o~ is an injection. To 
see this observe that R embeds in niEI R/Bi , and R/B< is a prime ring containing 
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the domain i4 in its center (since Bi n A = 0). Therefore, R/g, is torsion-free 
with respect to localization at (0) (if s E A, x E R/9’i then sx = 0 => sR/gix = 
0 3 s = 0 or .r = 0). So n R/pi is also torsion-free, and thus R is too. R~,,J is 
finitely generated over the field Alo) , hence it is Artinian. We also have that R is 
an order in Rto) , i.e., every element of Rc,, is c,f the form rs-l. r E R, s a regular 
element of R. So by [13, Corollary 2.51 R(,,, is tl e classical ring of quotients of R. 
Recall that a proper right ideal of the ring R is a right complement if it has no 
proper essential extensions inside R. We quote two lemmas. 
LEMMA 2.7. If the right singular ideal of R is :ero, then every maximal (proper) 
right complement in R is critical. 
See [9, Lemma 3.11. 
LEMMA 2.8. If I is a right ideal such that I = Q1 A QB n .‘. n Qn an irre- 
dundant intersection of irreducible ideals Qi , then E(R/I) N E(R/Q,) @ E(R/Q,) ‘. . 
For a proof of this, see [ll, Theorem 2.31, for instance. 
If R is a prime Goldie ring then the zero ideal is a finite intersection of maximal 
right complements [3, Theorem 2.31. Since a prime Goldie ring is nonsingular, 
we have by Lemma 2.7 that 0 = Pl n Pz n ... n P,, where Pi is a critical right 
ideal. For a prime Goldie ring R we also know that E(R) LX E” where E is an 
indecomposable injective. Hence by Lemma 2.8 and [16, Proposition 2.71 we 
have 1 P, ; = 1 P, ! for 1 < i, j < n. So, by [9, Lemma 3.31, if R is such that 
every prime factor ring is Goldie, then for a prime ideal B we have .Jp = Pl n ... 
n P, where Pi is critical and / Pi ( = 1 Pi / 1 ,< i, j < n. Thus we have a map 
p: spec R - rt. Spec R, where p(Y) = ( Pi I. It is also apparent that the following 
diagram commutes. 
spec R 0 + rt. Spec R 
Spec A 
Given an indecomposable injective module E over a ring R we define ass 
E = {x E R s annihilates a nonzero submodule of E). In general ass E is just 
a two-sided ideal of R. If R is Noetherian ass E is a prime ideal. In [2] Gabriel 
showed in fact that if R is Noetherian the assignment E - ass E is a surjection 
from isomorphism classes of indecomposable injectives to prime ideals of R. 
More generally, let R be such that every prime factor ring is Goldie. Let B be a 
prime ideal of R such that p(9) = 1 P I. Then ass E(R/P) = 8. To see this 
note that .V E ass E(R/P) iff x annihilates a submodule of R/.9 iff s E 8. Therefore, 
the map p: spec R ---f rt. Spec R is injective. 
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Recall that a prime ring is said to be bounded if every essential right ideal 
contains a nonzero two-sided ideal. An arbitrary ring is said to be right fully 
bounded if every prime factor ring is right bounded. It is not difficult to show 
that if R is right Noetherian and integral over A then it is right fully bounded. 
To see this we can assume that R is prime Goldie. If I is an essential right ideal 
of R, then there exists b ~1 such that b is a regular element of R. Since A is 
integral over d we have elements a, E A such that b” + a,~-$“-i + ... 1 a, =: 0. 
Since b is not a zero divisor we have a, + 0 and a, E I. Thus I contains the two- 
sided ideal a,R. So, in particular, if R is Noetherian and integral over -1 by [ 191 
we have that the map p: spec R - rt. Spec R is a bijection. Later on we show 
that the map p is also a bijection when R is finitely generated over A (Proposition 
2.11). 
DEFINITION. Let S and I7 be topological spaces. A map 4: X - I’ is said 
to have finite fibers if +-‘( y) is finite for everyy E I’. 
PROPOSITICN 2.9. Let R be right Noetherian and integral over ,4. Then the 
map 4: rt. Spec R -+ Spec -4 has finite fibers. 
Proof. By the above comments it suffices to show the map #: spec R + Spec A 
has finite fibers. 
Let p E Spec A. Then pR is a two-sided ideal of R. Since R is Noetherian, 
there are only a finite number of prime ideals g1 ,..., 8,, minimal over pR. 
IfB E #-l(p), then for some 1 < i < II, pR Cgi L9. Pulling back to A, we have 
p Cgpi n A CB n -4 = p. Therefore, we see that Bi n B = 9 n A = p. Hence 
by Theorem 2.5 Bi == 9’. Therefore z,-‘(p) C {gi ... 5’,,> and we are done. 
LE~IMA 2.10. Let R be finitely generated over A. Let / P, I, j Pz E rt. Spec R 
suchthatiP,1diP,1andP,nA=P,nA,thenIP,I=IP,). 
Proof. We first claim that for i P E rt. Spec R, 1 P j is a maximal point iff 
P n -4 is a maximal ideal of A. To see the only if part note that R/(P n A)R is 
finitely generated over the field A/P n A. Hence, it is Artinian and so 
; P/(P n d)R 1 is a maximal point of R/(P n A)R (since in an Artinian ring all 
elements of rt. Spec R are maximal points). This in turn implies 1 P is a maximal 
point of R. 
Now assume the conclusion of the Lemma is false and let p = PI n A = 
P? n d. Looking at the map A, --f R, we can see by the above paragraph that 
1 P,R,, / is a maximal point of rt. Spec R, . We also have / P,R, 1 < 1 P?R, 1, 
which is a strict inequality by the remark after Proposition 1.4. However, this 
clearly contradicts the fact that / P,R, / is a maximal point. Hence, we are done. 
PROPOSITION 2.11. If R is jinitely generated oaer A then the map p: spec 
R - rt. Spec R is a bijection. 
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Proof. Let 1 P [ E rt. Spec R and P n A = p. We pass to A, ----f H, . Then by 
the proof of Lemma 2.10 we can assume PRp is a maximal right ideal. Let 3’ 
be a two-sided ideal, maximal with respect to containment in PR, . Then .Y 
contains pR, and is a primitive ideal and hence is prime. Therefore, B n R is 
a prime ideal contained between pR and P. Thus (9 n R) n A = p. Let 
~(9 n R) = i P’ !. Then by the above remark ; P’ ( < / P , with P’ n A = 
P n --l. Hence by Lemma 2.10, I P’ ! = 1 P ‘. Sop is surjective. Since we already 
know it is injective we are done. 
COROLLARY 2.12. If R is finite& generated over A then the map p: rt. Spec 
R -+ Spec -4 has$nite$bers. 
Proof. The same as the proof of Proposition 2.9. 
Lambek and Michler [IO] have studied localization at a semiprime ideal Nin a 
Noetherian ring. They have obtained equivalent conditions for this localization 
to be “nice.” The next theorem shows that under the conditions with which 
we have been working, the ring R, , with p E Spec -4, is a “nice” localization at a 
semiprime ideal of the ring R. 
In [9] a right ideal J is called prime if .rRy $ J whenever s and y are not 
elements of /. It is not difficult to show that maximal right ideals are prime. 
LEMMA 2.13. If I is a two-sided ideal of the ring R and P a critical prime right 
ideal such that I is not P dense, then I C P. 
Proof. Since I is not P dense we have I C Q an irreducible right ideal related 
to P. Since I is a two-sided ideal we have I C s-lQ = t-‘P for some s $ Q and 
t $ P. We also have I C t-1P = tI C P 3 tRI C P. Hence since P is prime I C P. 
\Ve denote the Jacobson radical of R as J(R). 
THEoimi 2.14. Let R be either (i) $nitely generated over A or (ii) Noetherian 
and integral over -4; let N = nyz191i where #-l(p) = {9i)iEl,z,,,.,r, , p E Spec A 
ad t+b: spec R 4 Spec A. Then we haae the following: 
(1) Localization of Mod R at p is the same as localization at N. 
(2) Nn = NR, = J(R,). 
(3) R,,/N, is Artiniart. 
Proof. (1) First observe that by Hoechsman 173, i P / E +-l(p), implies 
1 PR, / is a maximal point. Thus by Proposition 1.4 and Theorem 1.5 localization 
of R at p is the same as localization at the family {+-r(p)} of critical right ideals. 
This is the same as localization at the family of prime ideals (gi)i=I.n, ,,..,I = 
#-l(p). By Theorem 2.5, Bi C gj Z+ .Vi = .Yj . Hence, since each .Yi is a prime 
ideal, we have that N = 9, n gZ n ... n @?, is an irredundant intersection. Let 
ai =- Pi, n Pi2 ... n Pi,.< where Pi, is critical, 1 < s < ri , and ~(9~) = 1 PiS I. 
Then N = P,, CI *,. n Plr, ... n P,,, ... n P,,,.,, . This can be made into an 
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irredundant intersection. However, notice that no grouping {PiS}S31.9,...,.I for a 
fixed i can be completely eliminated, for this would imply that gi could be 
eliminated in the original intersection. Hence, by Lemma 2.8 E(R/N) is the direct 
sum of {E(RiPis))i=l.P.....n . So localization at N is the same as localization at 
PIS > p2, I..‘, p,,,>. 
(2) Using the same notation ;:s in (1) let A! be a maximal right ideal of R,, _ 
Then A = 1 P,,R, 1 for some i. We have BiR, C PisliD and .YiR, is a two- 
sided ideal (in fact, it is a prime ideal), so by Lemma 2.13, .YiR, C .A’. Hence 
giR, C nj dij where i is fixed and .nY<j runs through all the maximal right 
ideals of Pi,9R, . So we obtain fly=1 9,R, C ny=, (fin A’ij), and since {JZjj] are 
all the maximal right ideals of R, , we have NR, C ny=, (piA,) C J(R,). 
To see containment in the other direction, let 5 denote the image of p in 
A/p. Then we have (A/p), C (R/N), . Note that 0 = K, = glii n ... n g’i 
and p&6 is a prime ideal of (R/N), . Hence (R/N), is semiprime, and in case (i) 
it is finitely generated over the field (A/p), . H ence it is semisimple. In case (ii) 
(R/N), is Noetherian. Hence it is Goldie, and it is integral over the field (‘q/p)0 , 
so it is also semisimple. Then we observe R,/N, ‘V (R/N), ‘V (R/N), as A 
algebras, and thus R,/N, is semisimple, which gives J(R,) C IV,, and also (3). 
COROLLARY 2.15. If R and A are as above, then there exists a family of semi- 
prime ideals F such that localization at each NE .F is T; and an R module M is 
flat cs iVIK is A, for all N E F. 
Proof. Combine Proposition 2.2 and Theorem 2.14. 
COROLLARY 2.16. If R and A are as above and A has a unique maximal ideal, 
then Rj J(R) is semisimple. 
There are other possible questions of a more general nature. If A and A satisfy 
the hypothesis of Theorem 2.14, then is there additional information about A or 
the map 4: rt. Spec R - Spec A which give information about R ? The theorem 
shows that we may be able to reduce the question when -4 is a local ring. 
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